Introduction {#Sec1}
============

The *continuum* approximation of neural activity can be traced back to work of Beurle ([@CR1]), who built a model describing the proportion of active neurons per unit time in a given volume of randomly connected nervous tissue. A major limitation of this very early neural field model is its neglect of refractoriness or any process to mimic the metabolic restrictions placed on maintaining repetitive activity. It was Wilson and Cowan ([@CR28], [@CR29]) who first developed neural field models with some notion of refractoriness. At the same time they also emphasised the importance of modelling neural population in terms of an excitatory subpopulation and an inhibitory subpopulation. Indeed over the years many studies of the Wilson-Cowan excitatory-inhibitory model have been made, with applications to problems in neuroscience ranging from the generation of electroencephalogram rhythms through to visual hallucinations, and see (Coombes et al. [@CR4]) for a review. However, many of these subsequent studies drop the refractory term and focus more on the role of excitatory-inhibitory interactions in generating neural dynamics. Perhaps one exception to this is the work of Curtu and Ermentrout ([@CR5]), who have shown that the original Wilson-Cowan model with refractoriness can drive oscillations even in the absence of inhibition. Their work was done for a point model which begs the question as to whether refractoriness alone can allow for periodic waves to be generated in a spatially extended excitatory network. This is an especially intriguing issue given that neural field models with some form of inhibition or negative feedback, such as spike frequency adaptation, have traditionally been invoked to explain wave behaviour in cortex, including fronts, pulses, target waves and spirals (Ermentrout and McLeod [@CR8]; Pinto and Ermentrout [@CR22]; Huang et al. [@CR14]).

In this paper we reinstate the original refractory term of Wilson and Cowan in a minimal neural field model describing a single population in one spatial dimension. This model is briefly reviewed in Sect. [2](#Sec2){ref-type="sec"}. In Sect. [3](#Sec3){ref-type="sec"} we present a linear stability analysis, as well as a weakly nonlinear analysis, of the homogeneous steady state that predicts the onset of periodic travelling wave patterns in a purely excitatory network. This is confirmed by direct numerical simulations that show periodic travelling waves with profiles that appear as either single or multiple spikes of activity. A novel numerical continuation scheme is developed to track solution properties in a co-moving frame (speed, period, and profile shape) as a function of physiologically important system parameters (such as refractory time-scale, strength of anatomical connectivity, and firing threshold). These are obtained after recognising that the original model can be reformulated as a delay-differential equation for an exponentially decaying choice of anatomical weight distribution. The delay is set by the time-scale of the refractory process. In Sect. [4](#Sec12){ref-type="sec"} we numerically construct the wave speed as a function of the wave period, to obtain the so-called dispersion curve. Here we avoid special case choices of the weight distribution and develop a numerical scheme that can handle the original delayed integro-differential model. The dispersion curve for an excitatory network with an exponentially decaying weight distribution is shown to have a shape reminiscent of that seen in the study of nonlinear reaction-diffusion systems, and in particular those arising in the study of an axon or active dendrite (Miller and Rinzel [@CR21]). Using the dispersion curve we further develop a kinematic model that allows predictions about non-regular spike trains to be made, including period-doubling scenarios subsequently confirmed by direct numerical simulations. In addition, we establish an example of a homoclinic orbit of chaotic saddle-focus type in an infinite-dimensional system. Finally in Sect. [5](#Sec13){ref-type="sec"} we present a brief discussion of the work in this paper.

The Wilson-Cowan model with refractoriness {#Sec2}
==========================================

Wilson and Cowan considered the spatio-temporal evolution of the activity of synaptically interacting excitatory and inhibitory neural sub-populations (Wilson and Cowan [@CR28]). A recent review of their model can be found in (Coombes et al. [@CR3]; Bressloff [@CR2]). A common reduction of their original model, and one often employed as a minimal model of cortex, takes the form of a scalar integro-differential equation:$$\documentclass[12pt]{minimal}
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Analysis of waves {#Sec3}
=================

Direct numerical simulations of a purely excitatory network, see below, show the possibility of periodic travelling waves. This is particularly interesting because these are not typically found in neural field models with pure excitation, though they are often encountered in the presence of some form of negative feedback, such as may arise with the inclusion of an inhibitory sub-population or a form of spike frequency adaptation, as reviewed in (Ermentrout [@CR7]). If these patterns arise via the instability of the homogeneous steady state, then they can be predicted using a classic Turing instability analysis. Their analysis beyond the point of instability can be pursued with a weakly nonlinear analysis, to develop a set of amplitude equations (typically in the form of coupled complex Ginzburg-Landau equations), as in (Curtu and Ermentrout [@CR6]; Venkov et al. [@CR27]). However, this is only relevant close to the bifurcation point, and it is much more informative to gain an insight into the fully nonlinear properties of waves using numerical analysis. This has been pursued at length for many excitable systems, and especially for single neuron models of the axon or active dendrite with single (Miller and Rinzel [@CR21]; Röder et al. [@CR24]) or multi-pulse (Evans et al. [@CR9]; Feroe [@CR10]; Hastings [@CR12]; Kuznetsov [@CR17]; Lord and Coombes [@CR19]) periodic waves. However, the study of periodic travelling waves has largely been ignored in the neural field community, which is surprising since this can inform a kinematic analysis \[elegantly reviewed in (Keener and Sneyd [@CR15])\] to predict instabilities to more exotic classes of travelling wave solution. We build on a Turing analysis and develop precisely this approach below.

Linear stability analysis of homogeneous solutions {#Sec4}
--------------------------------------------------
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Weakly nonlinear analysis: amplitude equations {#Sec5}
----------------------------------------------

A characteristic feature of the dynamics of systems beyond an instability is the slow growth of the dominant eigenmode, giving rise to the notion of a *separation of scales*. This observation is key in deriving the so-called *amplitude equations*. In this approach information about the short-term behaviour of the system is discarded in favour of a description on some appropriately identified slow time-scale. By Taylor-expansion of the dispersion curve near its maximum one expects the scalings $\documentclass[12pt]{minimal}
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In the next part we will consider waves and how these can grow beyond a dynamic Turing bifurcation.

Excitability and waves {#Sec6}
----------------------

From the Turing analysis above we expect to see travelling waves for sufficiently large $\documentclass[12pt]{minimal}
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Next we want to show travelling waves for the full spatially extended system defined by ([4](#Equ4){ref-type=""}) using direct numerical simulations. We evolve the state as follows. We use an equidistant spatial discretisation with $\documentclass[12pt]{minimal}
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                \begin{document}$$u(x,\tau )=.05+0.7\exp (-80(x-1-0.63\tau )^2)$$\end{document}$ we obtain a travelling wave, see Fig. [4](#Fig4){ref-type="fig"} (left). Other initial history can also lead to travelling waves as long as the amplitude at one spot is sufficient to cause excitation of neighbouring tissue and the initial spot decays due to refractoriness. The figure suggests that there is enough space to fit in a second moving pulse and this is indeed possible, see Fig. [4](#Fig4){ref-type="fig"} (right). Note that the time from the one pulse to the next is different than from the previous pulse. The travelling waves shown in Fig. [4](#Fig4){ref-type="fig"} have nearly the same velocities namely $\documentclass[12pt]{minimal}
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If the domain for the wave becomes infinite, the travelling wave approaches a pulse which is a homoclinic orbit. The linear stability of the steady state in the moving frame $\documentclass[12pt]{minimal}
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Numerical continuation of waves {#Sec7}
-------------------------------

Here we start with the derivation of an equivalent DDE in a co-moving frame for the travelling waves. This is a standard approach and normally would allow us to study periodic orbits that relate to waves in the original system. However, we found that for the available numerical tools to work we needed to modify the equations artificially. Therefore we computed the waves in an alternative and novel way. Rather than using a PDE approach we inserted the co-moving frame directly and used the discretisation of that system as described below.

### A delay differential equation for waves {#Sec8}

We write $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \begin{document}$$\tau \in (-2,0]$$\end{document}$. We use system ([21](#Equ21){ref-type=""}) to determine periodic orbits with numerical continuation. The continuation problem automatically specifies enough history so that this does not pose a problem. Solving ([21](#Equ21){ref-type=""}) using [knut]{.smallcaps} (Roose and Szalai [@CR25]) we did not achieve convergence. This can be understood from the steady state problem of system ([16](#Equ16){ref-type=""}). This is ill-defined as any constant may be added to $\documentclass[12pt]{minimal}
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### Direct continuation of the integral equation {#Sec9}

As the DDE-approach only works for the modified system, we develop a novel numerical scheme to track periodic solutions of the integral equation in a co-moving frame. The novelty is that we do not introduce auxilary variables as for the DDE, but compute the (convolution) integrals directly using fast Fourier transforms (FFT). Working with the non-local model ([17](#Equ17){ref-type=""}) directly also allows us to treat a more general class of weight distributions and not only those of exponential form (though we do not pursue this here).

Similarly as for the simulations of ([4](#Equ4){ref-type=""}) we use an equidistant spatial grid $\documentclass[12pt]{minimal}
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### Initial data for the continuation {#Sec10}
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### Parameter dependence of the travelling waves {#Sec11}
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Dispersion curves and kinematic theory {#Sec12}
======================================

Figure [9](#Fig9){ref-type="fig"} shows the dependence of the wave speed on the spatial period $\documentclass[12pt]{minimal}
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A *kinematic* theory of wave propagation is one attempt to follow the progress of localised pulse shapes, within a periodic wave, at the expense of a detailed description of their shape (Rinzel and Maginu [@CR23]). Suppose that a pulse has a well defined arrival time at some position $\documentclass[12pt]{minimal}
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According to the kinematic prediction there is a change of stability at the stationary points of the dispersion curve, i.e. the extrema in Fig. [9](#Fig9){ref-type="fig"}. As the branch persists another solution branch must bifurcate from a stationary point. Therefore we expect these points to act as organising centers of the waves. Indeed with ([21](#Equ21){ref-type=""}) we have verified that the 2-pulse solution starts from a period-doubling bifurcation very close to the highest stationary point. In addition we plotted the dispersion curve with $\documentclass[12pt]{minimal}
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The travelling wave solution with three pulses corroborated the chaotic saddle-focus scenario even further as it formed an isolated branch in a two parameter diagram as expected, Fig. [11](#Fig11){ref-type="fig"} (left). Interestingly we found that the $\documentclass[12pt]{minimal}
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                \begin{document}$$2.45$$\end{document}$ from the second.Fig. 11*Left* The 3 pulse solution forms an isolated branch in a two parameter diagram. *Right* The spatial positions of the peaks of the pulses on the three pulse branch. We have plotted two fundamental domains and centred the six pulses around the third pulse

Discussion {#Sec13}
==========

We have considered periodic travelling waves in a one dimensional neural field model describing a single spatially extended population with purely excitatory interactions. Importantly we have included an absolute refractory process as in the original work of Wilson and Cowan ([@CR28]) and shown how to analyse this using a mixture of linear (Turing) analysis and novel numerical techniques. Despite the long history and extensive study of this type of model, to the best of our knowledge this is the first analysis of moving $\documentclass[12pt]{minimal}
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                \begin{document}$$N$$\end{document}$-pulses in a neural field model with refractoriness. Moreover, we have shown that the types of travelling pulse patterns in this class of neural field model can be captured with a reduced kinematic description. This highlights the importance of the shape of the dispersion curve and its usefulness in predicting the behaviour of more exotic travelling wave packets. Given that other variants of neural field models, such as those that include axonal delays (Venkov et al. [@CR27]), synaptic depression (Kilpatrick and Bressloff [@CR16]), and slow inhibitory feedback (Taylor and Baier [@CR26]) are also known to support periodic travelling waves it is of interest to construct dispersion curves for these models and contrast their shapes (and in effect the types of wave that they would be able to support). This is a topic of ongoing research and will be reported upon elsewhere.
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